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On Banach spaces with the Tsirelson property
E.V. Tokarev
Dedicated to the memory of S. Banach.
Abstract. A Banach space X is said to have the Tsirelson property if it does
not contain subspaces that are isomorphic to lp (1 ≤ p <∞) or c0. The article
contains a quite simple method to producing Banach spaces with the Tsirelson
property.
A Banach space X is said to have the Tsirelson property if it does not contain
subspaces that are isomorphic to lp (1 ≤ p <∞) or c0.
The first example of a Banach space with such property was constructed by
B.S. Tsirelson [1].
The article contains a quite simple method to producing Banach spaces with
the Tsirelson property. Results were communicated at the Ukrainian Mathematical
Congress (August 2001, Kiev) and was announced in the Book of Abstracts of the
International Conference on Functional Analysis that take place as a part of the
Congress [2].
1. Definitions and notations
Let B be a (proper) class of all Banach spaces.
Definition 1. Let X, Y ∈ B. X is finitely representable in Y (in symbols:
X <f Y ) if for each ε > 0 and for every finite dimensional subspace A of X there
exists a subspace B of Y and an isomorphism u : A→ B such that
‖u‖
∥∥u−1∥∥ ≤ 1 + ε.
Spaces X and Y are said to be finitely equivalent if X <f Y and Y <f X.
Any Banach space X generates classes
Xf = {Y ∈ B : X ∼f Y } and X
<f = {Y ∈ B : Y <f X}
For any two Banach spaces X , Y their Banach-Mazur distance is given by
d(X,Y ) = inf{‖u‖
∥∥u−1∥∥ : u : X → Y },
where u runs all isomorphisms between X and Y and is assumed, as usual, that
inf ∅ =∞.
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It is well known that log d(X,Y ) defines a metric on each class of isomorphic
Banach spaces. A set Mn of all n-dimensional Banach spaces, equipped with this
metric, is a compact metric space that is called the Minkowski compact Mn.
A disjoint union ∪{Mn : n < ∞} = M is a separable metric space, which is
called the Minkowski space.
Consider a Banach space X . Let H (X) be a set of all its different finite
dimensional subspaces (isometric finite dimensional subspaces of X in H (X) are
identified). Thus, H (X) may be regarded as a subset of M, equipped with the
restriction of the metric topology of M.
Of course, H (X) need not to be a closed subset of M. Its closure in M will be
denotedH (X). From definitions follows thatX <f Y if and only ifH (X) ⊆ H (Y ).
Spaces X and Y are finitely equivalent (in symbols: X ∼f Y ) if simultaneously
X <f Y and Y <f X . Therefore, X ∼f Y if and only if H (X) = H (Y ).
There is a one to one correspondence between classes of finite equivalence Xf =
{Y ∈ B : X ∼f Y } and closed subsets of M of kind H (X).
Indeed, all spaces Y from Xf have the same set H (X). This set, uniquely
determined by X (or, equivalently, by Xf ), will be denoted by M(Xf ) and will be
referred as to the Minkowski’s base of the class Xf .
Definition 2. For a Banach space X its lp-spectrum S(X) is given by
S(X) = {p ∈ [0,∞] : lp <f X}.
Certainly, if X ∼f Y then S(X) = S(Y ). Thus, the lp-spectrum S(X) may
be regarded as a property of the whole class Xf . So, notations like S(Xf) are of
obvious meaning.
Definition 3. Let X be a Banach space. It is called:
• c-convex, if ∞ /∈ S(X);
• B-convex, if 1 /∈ S (X);
• Finite universal, if ∞ ∈ S(X).
Let {Xi : i ∈ I} be a collection of Banach spaces. A space
lp (Xi, I) =
(∑
⊕{Xi : i ∈ I}
)
p
is a Banach space of all families {xi ∈ Xi : i ∈ I} = x, with a finite norm
‖x‖p = (
∑
{‖xi‖
p
Xi
: i ∈ I})1/p.
If I = N, then instead lp (Xi,N) it will be written lp(Xi). If all Xi’s are equal
to a given Banach space X , then the notation lp (X) is used.
If I consists of two elements only (say, I = {1, 2}), then lp (Xi, I) is denoted
by X1 ⊕p X2.
Definition 4. Let I be a set; D be an ultrafilter over I; {Xi : i ∈ I} be a
family of Banach spaces. An ultraproduct (Xi)D is a quotient space
(X)D = l∞ (Xi, I) /N (Xi, D) ,
where l∞ (Xi, I) is a Banach space of all families x = {xi ∈ Xi : i ∈ I}, for which
‖x‖ = sup{‖xi‖Xi : i ∈ I} <∞;
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N (Xi, D) is a subspace of l∞ (Xi, I), which consists of such x’s that
lim
D
‖xi‖Xi = 0.
If all Xi’s are all equal to a space X ∈ B then the ultraproduct is said to be
the ultrapower and is denoted by (X)D.
An operator dX : X → (X)D that asserts to any x ∈ X an element (x)D ∈
(X)D, which is generated by a stationary family {xi = x : i ∈ I}, is called the
canonical embedding of X into its ultrapower (X)D.
It is well-known that a Banach space X is finitely representable in a Banach
space Y if and only if there exists such ultrafilter D (over I = ∪D) that X is
isometric to a subspace of the ultrapower (Y )D.
In what follows a notion of inductive (or direct) limit will be used. Recall a
definition.
Let 〈I,≪〉 be a partially ordered set. It said to be directed (to the right hand)
if for any i, j ∈ I there exists k ∈ I such that i≪ k and j ≪ k .
Let {Xi : i ∈ I} be a set of Banach spaces that are indexed by elements of an
directed set 〈I,≪〉. Let mi,j : Xi → Xj (i≪ j) be isomorphic embeddings.
Definition 5. A system {Xi,mi,j : i, j ∈ I; i≪ j} is said to be an inductive
(or direct) system if
mi,i = IdXi ; mi,k = mj,k ·mi,j
for all i≪ j ≪ k (IdY denotes the identical operator on Y ).
Let
X = ∪{Xi × {i} : i ∈ I}
Elements of X are pairs (x, i), where x ∈ Xi. Let =eq be a relation of equiva-
lence of elements of X , which is given by the following rule:
(x, i) =eq (y, j) if mi,kx = mj,ky for some k ∈ I.
A class of all elements of X that are equivalent to a given (x, i) is denoted as
[x, i] = {(y, j) : (y, j) =eq (x, i)}.
A set of all equivalence classes [x, i] is denoted X∞. Clearly, X∞ is a linear
space. Let ‖[x, i]‖ = limI ‖mi,jx‖Xj be a semi-norm on X∞. Let
Null(X) = {[x, i] : ‖[x, i]‖ = 0}.
Definition 6. A direct limit of the inductive system {Xi,mi,j : i, j ∈ I; i≪ j}
is a quotient space
lim
→
Xi = X∞/Null(X).
Let X ∈ B; κ be an infinite cardinal; dim(X) = κ; α be an infinite limit ordinal
(so, α may be considered as a cardinal); α ≤ κ.
Definition 7. An α-sequence {xβ : β < α} of elements of X is said to be
• Spreading, if for every n < ω (ω denotes the first infinite cardinal or, equiv-
alently, ordinal), every ε > 0, every set of scalars {ak : k < n} and any
choosing of i0 < i1 < ... < in−1 < α; j0 < j1 < ... < jn−1 < α∥∥∥∑
k<n
akxik
∥∥∥ ≤
∥∥∥∑
k<n
akxjk
∥∥∥ .
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• C-unconditional, where C <∞ is a constant, if
C−1
∥∥∥∑
k<n
akǫkxik
∥∥∥ ≤
∥∥∥∑
k<n
akxik
∥∥∥ ≤ C
∥∥∥∑
k<n
akǫkxik
∥∥∥
for any choosing of n < ω; {ak : k < n}; i0 < i1 < ... < in−1 < α and of
signs {ǫk ∈ {+,−} : k < n}.
• Unconditional, if it is C-unconditional for some C <∞.
• Symmetric, if for any n < ω, any finite subset I ⊂ α of cardinality n, any
rearrangement ς of elements of I and any scalars {ai : i ∈ I},∥∥∥∑
i∈I
aizi
∥∥∥ =
∥∥∥∑
i∈I
aς(i)zi
∥∥∥ .
• Subsymmetric, if it is both spreading and 1-unconditional.
Let C < ∞ be a constant. Two α-sequences {xβ : β < α} and {yβ : β < α}
are said to be C-equivalent if for any finite subset I = {i0 < i1 < ... < in−1} of α
and for any choosing of scalars {ak : k < n}
C−1
∥∥∥∑
k<n
akxik
∥∥∥ ≤
∥∥∥∑
k<n
akyik
∥∥∥ ≤ C
∥∥∥∑
k<n
akxik
∥∥∥ .
Two α-sequences {xβ : β < α} and {yβ : β < α} are said to be equivalent if
they are C-equivalent for some C <∞.
Remark 1. The same definitions may be used in a case when instead of α-
sequences will be regarded families {xi : i ∈ I} ⊂ X indexed by elements of a
linearly ordered set 〈I,≪〉. In a such case it will be said about spreading families,
unconditional families and so on. ω-sequences will be called sequences and may be
denoted like (xn).
2. Indices of divisibility
Definition 8. Let 1 ≤ p ≤ ∞, Xf be a class of finite equivalence. Xf is said
to be p-divisible if for some Y ∈ Xf the space lp (Y ) belongs to Xf .
Remark 2. It is easy to see that if Xf is p-divisible then for every Z ∈ Xf
a space lp (Z) belongs to X
f too. Indeed, since lp (Y ) belongs to X
f , then for any
ultrafilter D (lp (Y ))D ∈ X
f . Certainly, lp ((Y )D) is isometric to a subspace of
(lp (Y ))D. If D is such that Z is isometric to a subspace of (Y )D then
lp (Z) →֒ lp ((Y )D) →֒ (lp (Y ))D
and, hence, lp (Z) ∈ Xf .
Remark 3. A simple criterion on Xf to be p-divisible is: for any pair A,
B ∈M(Xf ) their lp-sum A⊕pB belongs to M(Xf). Clearly, this condition satisfies
when Xf is p-divisible. Conversely, if A, B ∈ M(Xf ) implies A ⊕p B ∈ M(Xf )
for any A, B, then the space W = lp (Ai, I), where {Ai : i ∈ I} is a numeration of
all spaces from M(Xf), belonging to Xf . Obviously, lp (W ) ∈ Xf and, thus, Xf is
p-divisible.
Let X , Y be Banach spaces. It will be said that X is Y -saturated, if any
infinite-dimensional subspace of X contains a subspace, which is isomorphic to Y .
Theorem 1. Every p-divisible class Xf contains a separable lp-saturated space.
ON BANACH SPACES WITH THE TSIRELSON PROPERTY 5
Proof. Let (An)n<∞ be a dense subset of M(X
f ). Obviously, lp (An) ∈ Xf
and is lp-saturated.
This simple result will play an important role in the following result.
Definition 9. Let Xf be a class of finite equivalence. Its index of divisibility,
Index(Xf) is a set of all such p ∈ [1.∞] that Xf is p-divisible:
Index(Xf) = {p ∈ [1.∞] :W ∈ Xf =⇒ lp (W ) ∈ X
f}.
For some classes Xf their index of divisibility may be empty, Index(Xf ) = ∅.
E.g., Index((lp ⊕2 lq)
f ) = ∅ if p 6= q.
Sometimes Index(Xf) consists of a single point:
Index((lp)
f
) = {p}.
The maximal set Index(Xf ) has the class (l∞)
f
:
Index((l∞)
f
) = [1,∞].
Indeed, the space lp (l∞) ∈ (l∞)
f
for any p.
Theorem 2. If Card
(
Index(Xf )
)
≥ 2 then the class Xf contains a space
that has the Tsirelson property.
Proof. Let p, q ∈ Index(Xf ); p 6= q. Then Xf contains two separable spaces:
Xp, which is p-saturated and Xq, which is q-saturated. Clearly, both and Xq may
be represented as closure of unions of chains of their finite dimensional subspaces:
Xp = ∪Ak; A1 →֒ A2 →֒ ... →֒ An →֒ ...;
Xq = ∪Bk; B1 →֒ B2 →֒ ... →֒ Bn →֒ ....
Chose a sequence εn ↓ 0 and define inductively a sequence of isomorphic em-
beddings.
At the first step find the least number n(1) such that there exists an isomorphic
embedding u1 : A1 → Bn(1) with ‖u1‖
∥∥u−11
∥∥ ≤ 1+ ε1; at the same step choose the
minimal m(2) such that there exists an isomorphic embedding u2 : Bn(1) → Am(2)
with ‖u2‖
∥∥u−12
∥∥ ≤ 1 + ε2.
If operators u1, u2, ..., u2k and numbers n(1), m(2), n(3), ..., m(2k) are already
chosen, then n(2k + 1) is the least number such that there exists an isomorphic
embedding u2k+1 : Am(2k) → Bn(2k+1) with ‖u2k+1‖
∥∥u−12k+1
∥∥ ≤ 1 + ε2k+1.
Also, chose m(2k+2) as the least number such that there exists an isomorphic
embedding u2k+2 : Bn(2k+1) → Am(2k+2) with ‖u2k+2‖
∥∥u−12k+2
∥∥ ≤ 1 + ε2k+2.
As a result it will be obtained a chain of finite dimensional spaces from M(Xf ):
cA1 → Bn(1) → Am(2) → ...→ Am(2k) → Bn(2k+1) → ...,
which may be regarded as a direct system.
Let Y be a direct limit of a given direct system. Obviously, Y may be repre-
sented as the closure of a chain
A′1 →֒ B
′
n(1) →֒ A
′
m(2) →֒ ... →֒ A
′
m(2k) →֒ B
′
n(2k+1) →֒ ...Y
of its finite dimensional subspaces, such that
d
(
A′m(2k), Am(2k)
)
≤ 1 + εm(2k); d
(
B′n(2k+1), Bn(2k+1)
)
≤ 1 + εm(2k+1).
Assume that lr is isomorphic to a subspace of Y . Let j : lr → Y .
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Then a chain
jlr ∩ A
′
1 →֒ jlr ∩B
′
n(1) →֒ ... →֒ jlr ∩ A
′
m(2k) →֒ jlr ∩B
′
n(2k+1) →֒ ....
contains a sub-chain
C1 →֒ C2 →֒ ... →֒ Ck →֒ ...,
where Ck is λ-isomorphic to a l
(sk)
r for some sk and some λ < ∞, which does not
depend on k.
However, this is impossible: if {jlr ∩B′n(2k+1) : k <∞} contains such a chain,
then lr must be isomorphic to a subspace of Xq. If {jlr ∩ A′m(2k) : k < ∞}
contains such a chain, then lr must be isomorphic to a subspace of Xp. Since Xp
is p-saturated and Xq is q-saturated, this is impossible.
Corollary 1. There exists a finite universal Banach space Z that has the
Tsirelson property.
Proof. As was noted, Index((l∞)
f ) = [1,∞] and, hence,
Card
(
Index((l∞)
f )
)
≥ 2.
Remark 4. Recall that the original B. Tsirelson’s space [1] also was finitely
universal.
Remark 5. It may be given a more short proof of the theorem 2.
Indeed, let p, q ∈ Index((X)f ). Let {Ai : i < ∞} be a dense in M(Xf )
sequence. Consider a sequence of spaces (Bk)k<∞ that are defined inductively:
B1 = A1; B2 = B1 ⊕p A2; B3 = B2 ⊕q A3; ...
B2k = B2k−1 ⊕p A2k; B2k+1 = B2k ⊕q A2k+1; ...
It easy to see that lim
→
Bn has the Tsirelson property.
Nevertheless, the proof of the theorem 2 (in difference from the given above one)
may be applied in more general cases, as it will be shown below.
It may be presented other examples of classesXf , such that Index(Xf ) is more
then one single point.
Theorem 3. For any closed subset e ⊂ [1,∞) there exists a class (Xe)
f
such
that
Index((Xe)
f ) = e.
Proof. Let {pi : i <∞} be a countable dense subset of e. Consider an infinite
matrix
p1 p2 p3 ...
p1 p2 p3 ...
p1 p2 p3 ...
... ... ... ...
Let (qi) be an enumeration of it in a sequence, such that each of pk’s occurs
among qi’s infinitely many times. It may be assumed that p1 6= 2.
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A class (Xe)
f
will be constructed by induction. Let X0 be a Banach space that
generates a class (X0)
f with Index((X0)
f ) = ∅. Let X0 = lp1 ⊕2 l2
X1 = lq1(X0); X2 = lq2 (X1) ; ...; Xn+1 = lqn+1(Xn); ...
Certainly, Xi may be regarded as a subspace of Xi+1 and, thus, the direct chain
X1 →֒ X2 →֒ ... →֒ Xn+1 →֒ ...
has a direct limit Xe = ∪Xi. It is clear that the class (Xe)
f
has desired properties.
Indeed, for any A, B ∈M((Xe)
f
) and any pi their lpi-sum A⊕pi B belongs to
M((Xe)
f
), as it follows from the construction. Hence,
{pi : i <∞} ⊆ Index((Xe)
f
).
If A ⊆ Index((Xe)
f
) then its closure A also belongs to Index((Xe)
f
). This fact
easily follows from the closedness of M((Xe)
f ). If p /∈ e then p /∈ Index((Xe)
f )
since in a contrary case any sum A ⊕p B, where A, B ∈ M((Xe)
f
) belongs to
M((Xn)
f
) for some n. Certainly, this is impossible if p /∈ e.
Remark 6. Of course, Index(Xf ) ⊆ S(Xf) for any Banach space X. The
method, presented above allow to construct classes Xf with Index(Xf ) = S(Xf).
E.g. for a two-point set {2, q}, where q > 2 it may be considered:
as X0 the space lq (for which S(lq) = {2, q});
as X1 - the space l2(lq);
X3 = lq (l2(lq));
X4 = l2(lq(l2(lq))) etc.
Clearly, the direct limit of Xi’s has the two-pointed lp-spectrum and the same
index of divisibility.
3. Superstable classes of finite equivalence
It was shown that some classes of finite equivalence contain spaces with the
Tsirelson properties.
From the other hand, there are classes Xf that has ”anti-Tsirelson property”:
every representative of a such class contains some lp. Some of these classes may be
pick out by using of stable Banach spaces, which was introduced by J.-L. Krivine
and B. Maurey [3] and their generalization - superstable Banach spaces that were
defined by J. Reynaud [4].
Definition 10. A Banach space X is said to be stable provided for any two
sequences (xn) and (ym) of its elements and every pair of ultrafilter D, E over N
lim
D(n)
lim
E(m)
‖xn + ym‖ = lim
E(m)
lim
D(n)
‖xn + ym‖ .
The notations D(n) and E(m) are used here (instead of D and E) to underline
the variable (n or m respectively) in expressions like limD(n) f(n,m).
Definition 11. (Cf. [4]). A Banach space X is said to be superstable if every
its ultrapower (X)D is stable.
Theorem 4. Let Xf be a class of finite equivalence. Xf contains a superstable
Banach space if and only if every space Y ∈ Xf (and, as a consequence, every space
W , which is finitely representable in X) is stable.
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Proof. If Y ∈ Xf is superstable then each its subspace is stable because of
the property of a Banach space to be stable is inherited by its subspaces. Hence,
each subspace of every ultrapower (Y )D is stable too, because of {Z : Z <f Y } is
coincide with the set
{Z : Z is isometric to a subspace of some ultrapower (Y )D
Conversely, if every Y ∈ Xf is stable, then all ultrapowers of Y are stable
too.
Definition 12. A class Xf of finite equivalence that contains a superstable
space will be called a superstable class.
In [3] it was shown:
Any stable Banach space X is weakly sequentially complete.
Every subspace of X contains a subspace isomorphic to some lp (1 ≤ p <∞).
Theorem 5. Let Xf be a superstable class. Then there exists such p ∈ [1,∞)
that every Y ∈ Xf contains a subspace, which is isomorphic to lp.
Proof. Let X ∈ B. Let
T (X) = {p : lp is isomorphic to a subspace of X}.
Let Y , Z ∈ Xf . Let both Y and Z are separable and stable. Thus, T (Y ) 6= ∅ and
T (Z) 6= ∅. Assume that T (Y ) ∩ T (Z) = ∅. Similarly to the proof of the theorem
2 may be constructed a space W ∈ Xf that has the Tsirelson property. However
this conflicts with the superstability of Xf . Hence ∩{T (Y ) : Y ∈ Xf} 6= ∅.
Remark 7. There are classes Xf such that the intersection ∩{T (Y ) : Y ∈ Xf}
consists exactly of n points.
Indeed, let X = lq1 ⊕ lq2 ⊕ ...⊕ lqn , where 2 < q1 < q2 < ... < qn. Clearly,
∩{T (Y ) : Y ∈ Xf} = {q1, q2, ..., qn}.
Problem 1. Whether there exists such a class Xf that ∩{T (Y ) : Y ∈ Xf} is
infinite?
In what follows will be needed a definition.
Definition 13. (Cf. [5]) Let X be a Banach space, (xn) ⊂ X be a nontrivial
normed sequence of elements of X (i.e. (xn) contains no Cauchy subsequences); D
be an ultrafilter over N. For a finite sequence (ai)
n
i=1 ⊂ R
n let
l ((ai)
n
i=1) = lim
D(m1)
lim
D(m2)
... lim
D(mn)
{
∥∥∥∑n
k=1
akxmk
∥∥∥ : m1 < m2 < ... < mn}.
Let sm(X, (xn) , D) be a completition of a linear space c00 of all sequences
(ai)
∞
i=1 of real numbers such that all but finitely many ai’s are equal to zero.
The space sm(X, (xn) , D) is said to be a spreading model of the space X, which
is based on the sequence (xn) and on the ultrafilter D.
Clearly, any spreading model of a given Banach space X has a spreading basis
and is finitely representable in X .
In [3] it was shown that every spreading model of a stable Banach space X has
a symmetric basis. The following result shows that in a superstable class Xf the
converse is also true.
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Definition 14. Let X be a Banach space. Its IS-spectrum IS(X) is a set of
all (separable) spaces 〈Y, (yi)〉 with a spreading basis (yi) which are finitely repre-
sentable in X.
Notice that if (y′i) and (y
′′
i ) are different spreading bases of Y then 〈Y, (y
′
i)〉 and
〈Y, (y′′i )〉 are regarded as different members of IS(X).
The last reservation may be omitted if one assumes that members of IS(X)
are nonseparable spaces
〈
Y, (yα)α<ω1
〉
with uncountable spreading bases (yα)α<ω1
(here and below ω1 denotes the first uncountable cardinal). The proof of this
assertion will be given below.
Theorem 6. A class Xf is superstable if and only if every member 〈Y, (yi)〉
of its IS-spectrum has a symmetric basis.
Proof. Let Xf be superstable; Y ∈ Xf . According to [3] every spreading
model of Y has a symmetric basis. Let (Y )D be an ultrapower by a countably in-
complete ultrafilter. Then (see [6]) (Y )D contains any separable Banach space which
is finitely representable in Y . In particular, any space 〈Z, (zi)〉 of IS(Xf ) is isomet-
ric to a subspace of (Y )D. Since (zi) is a spreading sequence, sm((Y )D , (zi) , E) is
isometric to 〈Z, (zi)〉 for any ultrafilter E. Hence, (zi) is a symmetric sequence.
Conversely, assume that every 〈Z, (zi)〉 has a symmetric basis. Assume that X
is not superstable. Then there exists a space from Xf which is not stable (it may
be assumed that X is not stable itself). According to [3] there are such sequences
(xn) and (ym) of elements of X that
sup
m<n
‖xn + ym‖ > inf
m>n
‖xn + ym‖ .
Let D be a countably incomplete ultrafilter over N. Let X0
def
= X ;
Xn
def
= (Xn−1)D ; n = 1, 2, ...; X∞ = ∪n≥1Xn.
Here is assumed that Xn is a subspace of Xn+1 = (Xn)D under the canonical
embedding dXn : Xn → (Xn)D.
Let D, E be ultrafilters over N. Their product D × E is a set of all subsets A
of N× N that are given by
{j ∈ N : {i ∈ N : (i, j) ∈ A} ∈ D} ∈ E.
Certainly, D × E is an ultrafilter and for every Banach space Z the ultrapower
(Z)D×E may be in a natural way identified with ((Z)D)E .
So, the sequence (xn) ⊂ X defines elements
x1 = (xn)D ∈ (X)D ;
x2 = (xn)D×D ∈ ((X)D)D ;
... ... ... ... ... ...
xk = (xn)D ×D × ...×D︸ ︷︷ ︸
k times
∈
(
((X)D)D ...
)
D︸ ︷︷ ︸;
k times
... ... ... ... ... ...
Notice that xk ∈ Xk\Xk−1. It is easy to verify that (xk)k<∞ ⊂ X∞ is a
spreading sequence. Since X∞ ∈ Xf , it is symmetric. Moreover, for any z ∈ X ,
where X is regarded as a subspace of X∞ under the direct limit of compositions
dXn ◦ dXn−1 ◦ ... ◦ dX0 : X → Xn,
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the following equality is satisfied: for any pair m, n ∈ N
‖xn + z‖ = ‖xm + z‖ .
Since (xn) and z are arbitrary elements of X , this contradicts to the inequality
supm<n ‖xn + ym‖ > infm>n ‖xn + ym‖.
This result may be generalized to classes of crudely finite equivalence.
Definition 15. Let X, Y be Banach spaces. X is said to be crudely finitely
representable in Y (in symbols: X <F Y ) if X is isomorphic to a some space which
is finite representable in Y ( it is easy to see that this definition is equivalent to the
standard one)
Let X ≈ Y denotes that Banach spaces X and Y are isomorphic.
A class XF of crudely finite equivalence, which is generated by a Banach space
X is given by
XF = {Y ∈ B : Y <F X and X <F Y } = ∪{Y
f : Y ≈ X}.
Definition 16. A class XF of crudely finite equivalence is said to be crudely
superstable if it contains a superstable space.
In other words, XF is crudely superstable if one of classes Y f that form XF
(i.e one of classes of the union ∪{Y f : Y ≈ X} = XF ) is superstable.
Certainly, any crudely superstable class XF has the property:
Every Banach space Y , which is finitely representable in a some space Z ∈ XF
contains a subspace that is isomorphic to some lp ( 1 < p <∞).
Theorem 7. A class XF is crudely superstable if and only if for every Z ∈ XF
its IS-spectrum IS(Z) consists of spaces 〈W, (wn)〉, whose natural bases (wn) are
cZ-equivalent to symmetric bases where the constant cZ depends only on Z.
Proof. LetXF be crudely superstable. Then some Y ∈ XF is superstable and
for any Z, which is crudely finitely representable in Y , and for any space 〈W, (wn)〉
from the IS-spectrum IS(Z), its natural basis (wn) is d(Z, Y1)-equivalent to a
symmetric one, where Y1 ∈ Y f .
Conversely, let X0 be such that every space 〈W, (wn)〉 ∈ IS(X0) has a basis
(wn), which is equivalent to a symmetric one (certainly, this is equivalent to the as-
sertion that for every Z ∈ XF its IS-spectrum IS(Z) consists of spaces 〈W ′, (w′n)〉,
whose natural bases (w′n) are equivalent to symmetric bases. It is easy to show that
there exists a constant cX such that every space 〈W, (wn)〉 ∈ IS(X0) has a basis
(wn) which is cX - equivalent to a symmetric one.
Indeed, let (ck) be a sequence of real numbers with a property: for every k <∞
there exists
〈
Wk,
(
wkn
)〉
∈ IS(X0) such that
(
wkn
)
is ck-equivalent to a symmetric
basis and is not ck−1-equivalent to any symmetric basis. Without loss of generality
it may be assumed that all spaces (Wk) are subspaces of a space from (X0)
f
, e.g.
Wk →֒ X0. Consider an ultrapower (X0)D and its elements wk =
(
wkn
)
D(k)
. Clearly
(wk)k<∞ ⊂ (X0)D is a spreading sequence that is not equivalent to any symmetric
sequence.
Consider some Z ∈ XF , such that Z contains any space from its IS-spectrum.
Let cZ be the corresponding constant which was defined above. Let {Zα : α < κ} (κ
is a cardinal number) be a numeration of all subspaces of Z that may be represented
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as span(z
(α)
i ) (i.e. as a closure of linear span of {z
(α)
i : i <∞}) for such sequences
{z
(α)
i : i <∞} (not necessary spreading ones) that are cZ -equivalent to symmetric
sequences.
Using the standard procedure of renorming, due to A. Pe lczyn´ski [12], it may
be constructed a space Z∞ ≈ Z such that Z∞ contains as a subspace every space
W∞ from IS(Z∞), which (by the renorming procedure) has a symmetric basis.
From the theorem 6 follows that Z∞ (and, hence, the whole class (Z∞)
f
) is
superstable. Since Z∞ ∈ XF the class XF is crudely superstable.
Indeed, it is sufficient to choose as a unit ball B(Z∞) = {w ∈ Z∞ : ‖w‖ ≤ 1}
a convex hull of the union of a set B(Z) with sets {c−1Z jαB(iαZα) : α < κ}, where
iα : Zα → Wα is an isomorphism between Zα and a space Wα with a symmetric
basis
(
w
(α)
n
)
, which is given by iα
(
z
(α)
n
)
= w
(α)
n for all n < ∞; ‖iα‖
∥∥i−1α
∥∥ ≤ cZ ;
jα is an embedding of the unit ball B(Wα) in a set cZB(Zα), which is given by
cZB(Zα) = {z ∈ Zα : c
−1
Z z ∈ B (Zα)}. Namely,
B(Z∞) = conv{B(Z) ∪
(
∪{c−1Z jαB(iαZα) : α < κ}
)
}.
4. Spaces spanned by spreading uncountable sequences
From results of the previous section follows that spreading sequences play an
important role in the study of the Tsirelson property.
Ordinals will be understands in the von Neuman sense: an ordinal α will be
regarded as a set {β : β < α} of all ordinals that are less then α.
Small Greece letters α, β, γ, δ, ζ denote ordinals ; κ, τ be cardinals. In what
follows cardinals will be identified with initial ordinals. Finite ordinals and cardinals
may be denoted also by small Latin letters i, j, k, m, n.
The least infinite ordinal (cardinal) is denoted by ω; the first uncountable
ordinal (cardinal) - by ω1.
For α, β are ordinals, the symbol αβ denotes the ordinal degree.
A symbol 2τ denotes the cardinal degree - a cardinality of a set exp τ of all
subsets of a cardinal τ .
Let X be a Banach space, A ⊂ X .
The linear span lin(A), i.e. a set of all linear combinations of elements of A
need not to be a closed subspace of X . A closure lin(A) will be denoted by span(A).
A dimension of a Banach space X , dim(X) is the least cardinality of a subset
A ⊂ X such that span(A) = X .
Let {xn : n < ω} be a spreading sequence.
It generates a sequence N = (Nm)m<ω of norms: Nm is a norm on R
m, which
is given by
Nm ((ai)
m
i=1) =
∥∥∥∑m
i=1
aixi
∥∥∥ .
Let 〈I,≪〉 be a linearly ordered set.
Consider a vector space c00 (I,≪) of all families {aι : ι ∈ I} of scalars all but
finitely many elements of which are vanished.
c00 (I,≪) may be equipped with a norm N which is given by
N ({aι : ι ∈ I}) = Nm (ai1 , ai2 , ...,aim) ,
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where m = card{ι ∈ I : aι 6= 0}; i1 ≪ i2 ≪ ... ≪ im and all {aik : k = 1, 2, ...,m}
are differ from 0.
The completition of the normed space 〈c00 (I,≪) ,N〉 is a Banach space, which
will be denoted by XN (I,≪).
So, the spreading sequence {xn : n < ω} = x generates a class of Banach spaces
of kind XN (I,≪), which will be called the tower ⌊x⌋, generated by x.
The following result is obvious ant its proof is omitted.
Theorem 8. Let {xn : n < ω} = x be a spreading sequence; ⌊x⌋ be the corre-
sponding tower.
If x is symmetric, then all spaces Y ∈ ⌊x⌋ of the dimension τ are pairwice
isometric, where τ is an arbitrary infinite cardinal.
If x is equivalent to a symmetric sequence then all Y ∈ ⌊x⌋ of the dimension τ
are pairwice isomorphic.
Let
Bκ = {X ∈ B : dim(X) = κ};
X≈ = {Y ∈ B : Y ≈ X}.
Let K be a class of Banach spaces, which is closed under isomorphisms (i.e.
X ∈ K implies that X≈ ⊂ K. Let
K≈ = {X≈ : X ∈ K.
It may be shown that if x is not symmetric (resp., is not equivalent to a sym-
metric sequence) then the cardinality card(⌊x⌋ ∩ Bκ) = 2κ (resp., the cardinality
card ((⌊x⌋ ∩ Bκ)≈) = 2κ).
Let κ be a cardinal; σ : κ → κ be a transposition (i.e. one-to-one mapping of
κ onto κ).
It will be said that σ is almost identical if the correlation
γ1 < γ2 ⇒ σγ1 < σγ2, where γ1, γ2 < κ
may get broken at most finitely many times.
Lemma 1. Let {xn : n < ω} be a spreading sequence that is not symmetric.
Let σ : ω → ω be a transposition, which is not almost identical.
If sequences {xn : n < ω} and {xσn : n < ω} are equivalent then both of them
are equivalent to a symmetric sequences.
Proof. Consider a sequence {yα : α < ω2}, which is given by
{yω·2k+n = xn; yω·(2k+1)+n = xσn : k < ω; n < ω}.
This sequence is equivalent to a sequence {y′α : α < ω
2} that belongs to the tower
⌊x⌋, generated by {xn : n < ω} = x.
Certainly, this is equivalent to
C−1
∥∥∥∑
k<n
akxik
∥∥∥ ≤
∥∥∥∑
k<n
akyαk
∥∥∥ ≤ C
∥∥∥∑
k<n
akxik
∥∥∥
for every n < ω; every scalars (ak)k<n every choice α0 < α1 < ... < αn−1 < ω
2
and i0 < i1 < ... < in−1 < ω and some C < ∞ that depends only on equivalence
constant between {xn : n < ω} and {xσn : n < ω}. Since σ has only a finite
number of inversions, our definition of {yα : α < ω2} implies that x is equivalent to
a symmetric sequence
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Theorem 9. Let α, β be ordinals; ω ≤ β ≤ α. Let {xγ : γ < α} be a
subsymmetric α-sequence which is not equivalent to any α-symmetric sequence. Let
Xα = span({xγ : γ < α}); Xβ = span({xγ : γ < β}). If βω < α then spaces Xα
and Xβ are not isomorphic.
Proof. Assume that Xα is isomorphic to a subspace Z of Xβ .
Let I : Xα → Xβ be the corresponding operator of isomorphic embedding.
Without loss of generality it may be assumed that an image of element xγ (γ < α)
in Xβ is a finite linear combination with rational coefficients of some xζ ’s (ζ < β):
Ixγ =
∑n(γ)
k=0
aγkxζk(γ); ζ0 (γ) < ζ1 (γ) < ... < ζn(γ) (γ) < β.
Thus, to any xγ corresponds a finite sequence of rational numbers (a
γ
k)
n(γ)
k=0
.
Let (pn)n<ω be a numeration of all finite sequences of rationals.
The set (pn)n<ω generates a partition of α on parts (Pn)n<ω in a following way:
an ordinal γ < α belongs to Pn if (a
γ
k)
n(γ)
k=0 = pn.
Since α > βω ≥ ωω, one of Pn’s should contain a sequence {γi : i < δ} of
ordinals, which order type δ (in a natural order : i < j implies that γi < γj) is
greater then βω. Clearly, for all such γi,
Ixγi =
∑n
k=0
akxζk(γi),
where n and (ak)
n
k=1 do not depend on i.
A set of all sequences ζ0 (γi) < ζ1 (γi) < ... < ζn (γi) < β can be ordered to
have only the order type ≤ βn. Hence, conditions γi1 < γi2 ⇒ ζ0 (γi1) < ζ0 (γi2)
must get broken for infinite many pairs γi1 , γi2 .
The inequality
C−1
∥∥∥∑
k<m
bkxγk
∥∥∥ ≤
∥∥∥∑
k<m
bk
(∑n
k=0
akxζk(γi)
)∥∥∥ ≤ C
∥∥∥∑
k<m
bkxγk
∥∥∥ ,
where C = d(Xα, Z), shows that {xγ : γ < α} is equivalent to a symmetric se-
quence.
Theorem 10. Let x = {xn : n < ω} be a subsymmetric sequence, which is
not isomorphic to a symmetric one. Then for any cardinal κ ≥ ω there exists 2κ
pairwice non isomorphic Banach spaces of dimension κ, which belongs to the same
tower ⌊x⌋.
Proof. Let {xγ : γ < κ} be a subsymmetric κ-sequence. Let I = 〈I,≪〉 be a
linearly ordered set of cardinality κ; J = 〈I,<′〉 - another linear ordering of I.
Consider families {xi : i ∈ I} and {xj : j ∈ J} that are indexed (and ordered)
by elements of I and J respectively.
Let XI = span{xi : i ∈ I}; XJ = span{xj : j ∈ J}.Certainly, XI and XJ are
isomorphic only if there exists one-to-one mappings of embedding u : I → J and
w : J → I, which are almost monotone in a following sense:
i1 ≪ i2 ⇒ u (i1) <
′ u (ii) for all but finitely many pairs i1, i2 ∈ I;
j1 <
′j2 ⇒ w (j1)≪ w (ji) for all but finitely many pairs j1, j2 ∈ J.
Since there exists 2κ orderings of I for any pair of which such almost monotone
mappings do not exist, this prove the theorem.
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Corollary 2. The cardinality of the set of all Banach spaces of dimension κ
is
card (Bκ) = 2
κ.
Proof. The inequality card (Bκ) ≥ 2κ follows from the previous theorem.
The inverse inequality is obvious.
Remark 8. It is of interest that different sets Bκ and Bτ may be of the same
cardinality. The appearance of a such case depends on the model of the set theory
that lies in the base of all functional analysis.
E.g., if one assume the Martin axiom MA with the negation of continuum
hypothesis qCH then for all cardinals κ such that ω < κ < 2ω
cardBκ = cardBω = 2
ω.
It may be given an interesting cardinal criterion of superstability.
Theorem 11. Let X be a Banach space; Xf and XF be corresponding classes
of finite and crudely finite equivalence respectively, which are generated by X.
If card
(
Xf ∩ Bκ
)
< 2κ then Xf is a superstable class.
If card
((
XF ∩ Bκ
)≈)
< 2κ then XF is crudely superstable.
Proof. According to [8] if IS(X) contains a space 〈W, (wn)〉 with a spreading
basis then for every cardinal κ and every transposition σ of τ there are spaces X
and Xσ, which are finitely equivalent to X and such that dim(X) = dim(Xσ) = κ;
X contains a subspace isometric to Wκ = span{wα : α < κ}; Xσ contains a
subspace isometric to Wσκ = span{wα : α < κ}. Improving arguments of [8] it
may be shown that X and Xσ are isometric (resp., isomorphic) if and only if Wκ
and Wσκ are isometric (resp., isomorphic). Hence, if X is not superstable then
card
(
Xf ∩ Bκ
)
= 2κ. Similarly for the second part of the theorem.
It is known that a separable Banach space may have a lot of pairwice non
equivalent symmetric bases (e.g. the classical A. Pe lczyn´ski’s space PU , comple-
mentably universal in the class of all Banach spaces with unconditional bases [9]
has a continuum number of pairwice non equivalent symmetric bases; cf. [10]).
However, if a nonseparable Banach space has a symmetric or subsymmetric
(uncountable) basis, this basis is unique up to equivalence.
Theorem 12. Let κ > ω be a cardinal; {xα : α < κ} and {yα : α < κ} be
subsymmetric sequences; X = span{xα : α < κ}; Y = span{yα : α < κ}. If spaces
X and Y are isomorphic then κ-sequences {xα : α < κ} and {yα : α < κ} are
equivalent.
Proof. Let u : X → Y be an isomorphism; ‖u‖
∥∥u−1∥∥ = c. It may be assumed
that uxα ∈ Y is represented as a block
uxα =
∑n(α)
k=1
aαkyβk(α)
for some sequence of rational scalars (aαk )k≤n(α) and finite n(α). Moreover, it may
be assumed that this blocks are not intersected, i.e. that any member of a given
sequence (βk (α))k≤n(α) belongs only to this block.
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Since κ is uncountable, among such blocks there is an infinite number of iden-
tical ones, that differs only in sequences (βk (α))k≤n(α). Let A ⊂ κ be a such that
all elements {uxα : α ∈ A} are represented by those identical blocks:
uxα =
∑n
k=1
akyβk(α) for α ∈ A.
Let (bi) be a sequence of scalars; a = max
1≤k≤n
(|ak|).
Then for any finite subset A′ ⊂ A, A′ = {αi}mi=1, because of unconditionality
of sequences (xα) and (yα),∥∥∥∑m
i=1
bixαi
∥∥∥ ≥ c
∥∥∥∑m
i=1
bi
(∑n
k=1
akyβk(i)
)∥∥∥
≥ c
∥∥∥∑m
i=1
binayβ1(i)
∥∥∥ ≥ cna
∥∥∥∑m
i=1
biyβ1(i)
∥∥∥ .
Analogously, the converse inequality that proves the theorem may be obtained.
5. Further constructions of spaces with the Tsirelson properties
It was noted that superstable classes are only a constituent part of all classes of
finite equivalence. There exist classes of finite equivalence, in which every space fails
to have the Tsirelson property, and which, at the same time, are not superstable.
Example 1. Let 2 < p < q <∞. Consider a sequence of Banach spaces
Y1 = l2; Y2 = lp (Y1) ; Y3 = l2 (Y2) ; ...; Y2n = lp (Y2n−1) ; Y2n+1 = l2 (Y2n) ; ...
Similarly to the theorem 3 it may be shown that for a limit space Y∞ = lim
→
Yn its
index of divisibility Index(Y∞) = {2, p}. According to the theorem 2 there exists a
space Z ∼f Y∞ that has the Tsirelson property. Hence, Y∞ is not isomorphic to a
stable space.
Consider a space Xpq = Y∞ ⊕q lq. Certainly, this space is not superstable.
However, every space Z from the class (Xpq)
f
contains a subspace, isomorphic to
lr. Indeed, if Z ∈ (Xpq)
f
then Z is of kind Z = Z1 ⊕q Z2, where Z1 ∈ (Y∞)
f
;
Z2 ∈ (lq)
f (since S(Z) = {2, p, q} and q /∈ S(Y∞). Obviously, Z2 contains a
subspace, isomorphic to lq.
Theorem 13. Let X be a Banach space. If the corresponding class XF of
crudely finite equivalence is not crudely superstable then there exists a Banach space
Y , which is finite representable in X and has the Tsirelson property.
Proof. According to the proof of theorem 2, it is enough to check a such
space Z <f X that the corresponding class Z
f contains two spaces: Z1 and Z2
with T (Z1) ∩ T (Z2) = ∅. Recall that T (Z) denotes a set of all p ∈ [1,∞] such
that Z contains a subspace isomorphic to lp.
Since XF is not crudely superstable, there exists (W, (wn)) ∈ IS(X) such that
w = (wn) is a spreading sequence, non-equivalent to any symmetric one.
Consider a tower ⌊w⌋ and all separable spaces from it. By the results of pre-
vious section, there are an uncountable set of such spaces that are pairwice non-
isomorphic.
Let {wσ : σ ∈ Σ0} be their numeration, where Σ0 ⊂ Σ is a set of all rearrange-
ments of ω, that are not almost identical.
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It will be assumed that wσ = {wσn : n < ω} forms a spreading basis of a space
Wσ.
It will be shown that ∩{T (wσ) : σ ∈ Σ0} = ∅. Since every Wσ <f X , this will
prove the theorem.
Suppose that this intersection is not empty, i.e. that there exists such p ∈ [1,∞]
that lp is isomorphic to a subspace of every Wσ (σ ∈ Σ0).
The natural basis (en) of lp is reproducible in the terminology of [11], i.e. if lp
is isomorphic to a subspace of a Banach space Z with a basis (zn) then there exists
a such isomorphical embedding u : lp → Z that
u (ek) =
∑mk+1
i=mk+1
aizi
for a sequence of scalars (ai) and a sequence of naturals m1 < ... < mk < ....
Hence there exists a such isomorphic embedding uσ : lp →Wσ that
uσ (ek) =
∑mk+1(σ)
i=mk(σ)+1
a
(σ)
i wσi.
Because of card (Σ0) > ω, and {wσ : σ ∈ Σ0} are spreading sequences, it may
be chosen an uncountable subset Σ
(1)
0 ⊂ Σ0 such that for all σ ∈ Σ
(1)
0
uσ (e1) =
∑m1
i=1
aiwσi,
where m1 and (ai)
m1
i=1 does not depend on σ ∈ Σ
(1)
0 .
Proceeding by induction, it may be chosen an uncountable subset Σ
(2)
0 ⊂ Σ
(1)
0
such that for all σ ∈ Σ
(2)
0
uσ (ek) =
∑m2
i=m1+1
aiwσi,
etc. As a result it will be obtained a sequence Σ
(1)
0 ⊃ ... ⊃ Σ
(n)
0 ⊃ ... of uncountable
subsets of Σ, whose intersection is not empty (since ω is not confinal with ω1) such
that for all σ ∈ Σ∞0 = ∩nΣ
(n)
0
uσ (ek) =
∑mk+1
i=mk+1
aiwσi,
where (nk)k<ω and (ak)k<ω does not depend on σ ∈ Σ
∞
0 .
It was assumed that all sequences {{uσ (ek) : k < ω} : σ ∈ Σ∞0 } are equivalent
to the natural basis (en) of lp. Hence there exists a such constant c ∈ (0,∞) that
for every finite sequence (ξj)
n
j=1 of scalars and every σ ∈ Σ
∞
0
c−1
∥∥∥∑n
k=1
ξk
(∑mk+1
i=mk+1
aiwσi
)∥∥∥ ≤
∥∥∥∑n
k=1
ξk
(∑mk+1
i=mk+1
aiwi
)∥∥∥
≤ c
∥∥∥∑n
k=1
ξk
(∑mk+1
i=mk+1
aiwσi
)∥∥∥
Certainly, this implies that the sequence {wi : i < ω} is equivalent to a sym-
metric sequence.
Indeed, assume that it is not equivalent to any symmetric sequence. Then
there exists a double sequence {{ξ
(n)
k : k ≤ mn} : n <∞} such that for all n <∞∥∥∥∑mnk=1 ξ(n)k wk
∥∥∥ = 1 and lim
n→∞
∥∥∥∑mnk=1 ξ(n)k wσk
∥∥∥ = 0 for some rearrangement σ.
The expression
∥∥∑n
k=1 ξk
(∑mk+1
i=mk+1
aiwi
)∥∥ may be presented in a form∥∥∥∑n
k=1
ξk
(∑mk+1
i=mk+1
aiwi
)∥∥∥ =
∥∥∥∑n
k=1
ξkamkwk + z
∥∥∥ .
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Similarly, ∥∥∥∑n
k=1
ξk
(∑mk+1
i=mk+1
aiwσi
)∥∥∥ =
∥∥∥∑n
k=1
ξkamkwσk + z
′
∥∥∥ .
Let ξkamk = ξ
(n)
k . This is possible since (ξk) is an arbitrary finite sequence of
scalars. Then
c−1
∥∥∥∑n
k=1
ξkamkwσk + z
∥∥∥ ≤
∥∥∥∑n
k=1
ξkamkwk + z
∥∥∥
≤ c
∥∥∥∑n
k=1
ξkamkwσk + z
∥∥∥ ,
where z in both cases may be assume to be the same element. So,
c−1
∥∥∥∑nk=1 ξ(n)k wσk + z
∥∥∥∥∥∥∑mnk=1 ξ(n)k wk
∥∥∥
≤
∥∥∥∑nk=1 ξ(n)k wk + z
∥∥∥∥∥∥∑mnk=1 ξ(n)k wk
∥∥∥
i.e. c−1 ‖en + z‖ ≤ ‖e′n + z‖, where ‖e
′
n‖ = 1 and ‖en‖ infinitely increased. Cer-
tainly, this is impossible.
6. Ultracommutative Banach spaces
Let X be a Banach space; D, E be ultrafilters. It will be said that ultrapowers
(X)D and (X)E are strongly identical if there exists an isometry i : (X)D → (X)E
such that i ◦ dD = dE , where dD and dE are canonical embeddings of X into
(X)D and (X)E respectively. In a such case it will be written 〈(X)D , dD〉 ≡
〈(X)E , dE〉.
Definition 17. A Banach space X is said to be ultracommutative if for any
pair of ultrafilters D, E over N ultrapowers (X)D×E and (X)E×D are strongly
identical.
Theorem 14. Any ultracommutative Banach space X is stable.
Proof. Let (xn) and (ym) be two sequences of elements of X . The double
sequence znm = xn + ym generates a pair of elements: (znm)D(n)×E(m) ∈ (X)D×E
and (znm)E(m)×D(n) ∈ (X)E×D. Since X is ultracommutative, these elements are
of equal norms. Indeed, let i : (X)D×E → (X)E×D be an isometry. then, by the ul-
tracommutativity, iznm = znm and i (znm)D(n)×E(m) = (znm)E(m)×D(n). Certainly,
this implies that limD(n) limE(m) ‖xn + ym‖ = limE(m) limD(n) ‖xn + ym‖.
Corollary 3. In a general case iterated ultrapowers (X)D×E and (X)E×D
are not strongly identical.
The converse is not true.
Theorem 15. Let X be an ultracommutative Banach space. Then each its
spreading model is isometric to a some lp (1 ≤ p <∞).
Proof. As was noted in the proof of theorem 6 (cf. also [12]) every spreading
model sm(X, (xn) , D) of X may be obtained by using iterated ultrapowers; its
natural basis is constructed by induction:
e1 = (xn)D ∈ (X)D ; e2 = (xn)D×D ∈ ((X)D)D , etc.
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Assume that X is ultracommutative. Then, by the preceding theorem it is
stable, in particular every its spreading model has a symmetric basis.
For e1, e2 as above and scalars a and b put:
f (a, b) = ‖ae1 + be2‖ .
Certainly, the function f is
homogeneous: f (λa, λb) = λf (a, b);
symmetric: f (a, b) = f (b, a);
monotone: f (a, b) ≤ f (c, c) provided a < c and b < d;
satisfies the norming condition f(0, 1) = 1 and, at least, from the ultracommu-
tativity follows:
f (a, f (b, c)) = f (f (a, b) , c) .
Hence, according to the Kolmogoroff-Nagumo theorem (cf. [13] and [14]) or
from the same result, obtained independently by Bohnenblust [15], either there
exists such p < ∞ that f (a, b) = (ap + bp)1/p or f (a, b) = max (a, b). Since X is
stable, the last case is impossible. So, sm(X, (xn) , D) = lp.
Corollary 4. Spaces Lp (1 ≤ p 6= 2 ≤ ∞) are not ultracommutative.
Proof. According to [16] for 1 < p < 2 every Lp contains a subspace Yp with
a symmetric basis that is complementably universal in the class of all subspaces
of Lp with an unconditional basis. Certainly, Yp is not isomorphic to any lr. For
p > 2 the result follows by duality.
Indeed, for superreflexive Banach spaces (X∗)D = ((X)D)
∗
, that implies that
X and X∗ in a superreflexive case either both are non-ultracommutative, or both
enjoy this property.
To close the proof notice that L1 for every p ∈ (1, 2) contains a subspace,
isometric to Lp.
Remark 9. In a general case even if X is ultracommutative, its ultrapower
(X)D (by a countably incomplete ultrafilter) does not have this property: if its lp-
spectrum contains a point p 6= 2 then (X)D contains a subspace, isometric to Lp.
However, there are ultracommutative spaces X with ultracommutative ultrapowers
that are not isomorphic to L2.
Example 2. Consider a space Zr =
(∑
⊕l
(ni)
pi
)
2
, where pi → 2; ni → ∞;
|2− pi| logni →∞. Certainly, Zr is stable; every space X, which is finitely equiv-
alent to Zr is of kind X = Zr ⊕2 l2 (dim (X)). In particular, all separable spaces
from the class (Zr)
f are pairwice isometric. It is of interest to point out that the
space Zr is stable (and also is superstable) by the cardinal criterion (theorem 11);
card
(
(Zr)
f ∩ Bκ
)
= 1 < 2κ for all cardinals κ.
Notice, that there are continuum of paired sequences r = {pi, ni}i<∞ that gen-
erate nonisomorphic spaces of kind Zr.
Example 3. It is easy to check that any space of kind (
∑
⊕Ak)p, where (Ak)
is a sequence of finite dimensional Banach spaces and 1 ≤ p < ∞, is ultracommu-
tative.
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